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ON SYMPLECTIC FILLINGS OF SMALL SEIFERT
3-MANIFOLDS
HAKHO CHOI AND JONGIL PARK
Abstract. In this paper, we investigate the minimal symplectic fillings of
small Seifert 3-manifolds with a canonical contact structure. As a result, we
classify all minimal symplectic fillings of small Seifert 3-manifolds satisfying
certain conditions. Furthermore, we also demonstrate that every such a min-
imal symplectic filling is obtained by a sequence of rational blowdowns from
the minimal resolution of the corresponding weighted homogeneous complex
surface singularity.
1. Introduction
One of the fundamental problems in symplectic 4-manifold topology is to classify
symplectic fillings of certain 3-manifolds equipped with a natural contact structure.
Among them, researchers have long studied symplectic fillings of the link of a nor-
mal complex surface singularity. Note that the link of a normal surface singularity
carries a canonical contact structure also known as the Milnor fillable contact struc-
ture. For example, P. Lisca [Lis], M. Buphal and K. Ono [BOn], and the second
author et al. [PPSU] completely classified all minimal symplectic fillings of lens
spaces and certain small Seifert 3-manifolds coming from the link of quotient sur-
face singularities. L. Starkston [Sta1] also investigated minimal symplectic fillings
of the link of some weighted homogeneous surface singularities.
On the one hand, topologists working on 4-manifold topology are also interested
in finding a surgical interpretation for symplectic fillings of a given 3-manifold.
More specifically, one may ask whether there is any surgical description of those
fillings. In fact, it has been known that rational blowdown surgery, introduced by
R. Fintushel and R. Stern [FS] and generalized by the second author [Par] and
A. Stipsicz, Z. Szabo´ and J. Wahl [SSW], is a powerful tool to answer this question.
For example, for the link of quotient surface singularities equipped with a canonical
contact structure, it was proven [BOz], [CP] that every minimal symplectic filling
is obtained by a sequence of rational blowdowns from the minimal resolution of the
singularity. On the other hand, L. Starkston [Sta2] showed that there are symplectic
fillings of some Seifert 3-manifolds that cannot be obtained by a sequence of rational
blowdowns from the minimal resolution of the singularity. Note that Seifert 3-
manifolds can be viewed as the link of weighted homogeneous surface singularities.
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Hence, it is an intriguing question as to which Seifert 3-manifolds have a rational
blowdown interpretation for their minimal symplectic fillings.
In this paper, we investigate the minimal symplectic fillings of small Seifert 3-
manifolds satisfying certain conditions. By a small Seifert (fibered) 3-manifold,
we mean that it admits at most 3 singular fibers when it is considered as an S1-
fibration over a Riemann surface. In general, a Seifert 3-manifold as an S1-fibration
can have any number of singular fibers. We denote a small Seifert 3-manifold Y by
Y (−b; (α1, β1), (α2, β2), (α3, β3)) whose surgery diagram is given in Figure 1 and
which is also given as a boundary of a plumbing 4-manifold of disk bundles of a
2-sphere according to the graph Γ in Figure 1. The integers bij ≥ 2 in Figure 1 are
uniquely determined by the following continued fraction:
αi
βi
= [bi1, bi2, . . . , biri ] = bi1 −
1
bi2 −
1
· · · −
1
biri
−b
−α1
β1
−α2
β2
−α3
β3
−b
−b21
−b22
−b2r2
−b11
−b12
−b1r1
−b31
−b32
−b3r3
Figure 1. Surgery diagram of Y and its associated plumbing
graph Γ
If the intersection matrix of a plumbing graph Γ is negative definite, which is
always true for b ≥ 3, then there is a canonical contact structure on Y induced from
a symplectic structure of the plumbing 4-manifold, where each vertex corresponds to
a symplectic 2-sphere and each edge represents an orthogonal intersection between
the symplectic 2-spheres [GS2]. Furthermore, the canonical contact structure on Y
is contactomorphic to the contact structure defined by the complex tangency of a
complex structure on the link of the corresponding singularity, which is called the
Milnor fillable contact structure [PS].
This paper aims to classify all minimal symplectic fillings of small Seifert 3-
manifolds satisfying certain conditions and to prove that every such a minimal
symplectic filling is obtained by a sequence of rational blowdowns from the minimal
resolution of the corresponding weighted homogeneous surface singularity as it is
true for a quotient surface singularity. Our strategy is as follows: For a given
minimal symplectic filling W of Y (−b; (α1, β1), (α2, β2), (α3, β3)) with b ≥ 4, we
glue W with a concave cap K to get a closed symplectic 4-manifold X . Then, since
the concave cap K always contains an embedded (+1) 2-sphere corresponding the
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central vertex, X is a rational symplectic 4-manifold [McD]. Furthermore, the
adjunction formula and intersection data impose a constraint on the homological
data ofK in X ∼= CP2♯NCP2. Under blowing-downs along all exceptional 2-spheres
away from the (+1) 2-sphere in X ∼= CP2♯NCP2, the concave cap K becomes a
neighborhood of symplectic 2-spheres which are isotopic to b number of complex
lines through symplectic 2-spheres in CP2 (See [Sta1], [Sta2] for details). Since the
symplectic deformation type of W ∼= X \K is determined by the isotopy class of a
symplectic embedding of K within a fixed homological embedding, we investigate a
symplectic embedding of K using a curve configuration corresponding to W , which
consists of strands representing irreducible components of K and exceptional 2-
spheres intersecting them (See Definition 3.1 and Figure 5, for example). Since the
curve configuration corresponding to W determines a symplectic embedding of K,
we can recover all minimal symplectic fillings by investigating all possible curve
configurations of Y . Sometimes, we can find a certain chain of symplectic 2-spheres
lying in W , which can be rationally blowing down, from the homological data of K.
Note that by rationally blowing down the chain of symplectic 2 spheres lying in W ,
we obtain another minimal symplectic W ′ from W . In this case, we can keep track
of changes in the homological data of K so that we get a curve configuration of W ′
from that of W . Finally, by analyzing the effect of rational blowdown surgery on
the curve configuration of minimal symplectic fillings, we obtain the following main
theorem.
Theorem 1.1. For a small Seifert 3-manifold Y (−b; (α1, β1), (α2, β2), (α3, β3))
with its canonical contact structure and b ≥ 4, every minimal symplectic filling is re-
alized by the corresponding curve configuration. Furthermore, it is also obtained by
a sequence of rational blowdowns from the minimal resolution of the corresponding
weighted homogeneous surface singularity.
2. Preliminaries
2.1. Weighted homogeneous surface singularities and Seifert 3-manifolds.
We briefly recall some basics of weighted homogeneous surface singularities and
Seifert 3-manifolds ([Orl] for details). Suppose that (w0, . . . , wn) are nonzero ra-
tional numbers. A polynomial f(z0, . . . , zn) is called weighted homogeneous of type
(w0, . . . , wn) if it can be expressed as a linear combination of monomials z
i0
0 , . . . , z
in
n
for which
i0/w0 + i1/w1 + · · ·+ in/wn = 1.
Equivalently, there exist nonzero integers (q0, . . . , qn) and a positive integer d sat-
isfying f(tq0z0, . . . t
qnzn) = t
df(z0, . . . , zn). Then, a weighted homogeneous surface
singularity (X, 0) is a normal surface singularity that is defined as the zero loci of
weighted homogeneous polynomials of the same type. Note that there is a natural
C∗-action given by
t · (z0, . . . , zn) = (t
q0z0, . . . t
qnzn)
with a single fixed point 0 ∈ X . This C∗-action induces a fixed point free S1 ⊂ C∗
action on the link L := X∩∂B of the singularity, where B is a small ball centered at
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the origin. Hence, the link L is a Seifert fibered 3-manifold over a genus g Riemann
surface, denoted by Y (−b; g; (α1, β1), (α2, β2), . . . , (αk, βk)) for some integers b, αi
and βi with 0 < βi < αi and (αi, βi) = 1. Note that k is the number of singular
fibers, and there is an associated star-shaped plumbing graph Γ: the central vertex
has genus g and weight −b, and each vertex in k arms has genus 0 and weight −bij
uniquely determined by the following continued fraction
αi
βi
= [bi1, bi2, . . . , biri ] = bi1 −
1
bi2 −
1
· · · −
1
biri
with bij ≥ 2. For example, Figure 1 shows the case of g = 0 and k = 3, which is
called a small Seifert (fibered) 3-manifold. By P. Orlik and P. Wagreich [OW], it
is well known that the plumbing graph Γ is a dual graph of the minimal resolution
of (X, 0). Conversely, if the intersection matrix of Γ is negative definite, there
is a weighted homogeneous surface singularity whose dual graph of the minimal
resolution is Γ [Pin]. Note that a Seifert 3-manifold Y , as a boundary of a plumbed
4-manifold according to Γ, inherits a canonical contact structure providing that
each vertex represents a symplectic 2-sphere, all intersections between them are
orthogonal, and the intersection matrix of Γ is negative definite [GS2]. Furthermore,
if the Seifert 3-manifold Y can be viewed as the link L of a weighted homogeneous
surface singularity, then the canonical contact structure above is contactomorphic
to the Milnor fillable contact structure, which is given by TL ∩ JTL [PS].
2.2. Rational blowdowns and symplectic fillings. Rational blowdown surgery,
first introduced by R. Fintushel and R. Stern [FS], is one of the most powerful cut-
and-paste techniques which replaces a certain linear plumbing Cp of disk bundles
over a 2-sphere whose boundary is a lens space L(p2, p−1) with a rational homology
4-ball Bp, which has the same boundary. Later, Fintushel-Stern’s rational blow-
· · ·
−(p+ 2) −2 −2 −2
Figure 2. Linear plumbing Cp
down surgery was generalized by J. Park [Par] using a configuration Cp,q obtained
by linear plumbing disk bundles over a 2-sphere according to the dual resolution
graph of L(p2, pq − 1), which also bounds a rational homology 4-ball Bp,q. In the
case of a symplectic 4-manifold (X,ω), rational blowdown surgery can be performed
in the symplectic category: If all 2-spheres in the plumbing graph are symplectically
embedded and their intersections are ω-orthogonal, then the surgered 4-manifold
Xp,q = (X −Cp,q)∪Bp,q also admits a symplectic structure induced from the sym-
plectic structure of X [Sym1], [Sym2]. In fact, the rational homology 4-ball Bp,q
admits a symplectic structure compatible with the canonical contact structure on
the boundary L(p2, pq−1). More generally, in addition to the linear plumbing of 2-
spheres, there is a plumbing of 2-spheres according to star-shaped plumbing graphs
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with 3- or 4-legs admitting a symplectic rational homology 4-ball [SSW], [BS].
That is, the corresponding Seifert 3-manifold Y (−b, (α1, β1), (α2, β2), (α3, β3)), or
Y (−b, (α1, β1), (α2, β2), (α3, β3), (α4, β4)) with a canonical contact structure has a
minimal symplectic filling whose rational homology is equal to that of the 4-ball
[GS1]. For example, a plumbing graph Γp,q,r in Figure 3 can be rationally blow-
down. We will use this later in the proof of the main theorem.
−(p+ 3)
−2 −2 −4 −2 −2
−(q + 3)
−2
−2
−(r + 3)
· · · · · ·
...
q r
p
Figure 3. Plumbing graph Γp,q,r
As rational blowdown surgery does not affect the symplectic structure near the
boundary, if there is a plumbing of disk bundles over symplectically embedded 2-
spheres that can be rationally blown down, then one can obtain another symplectic
filling by replacing the plumbing with a rational homology 4-ball. In the case of
the link of quotient surface singularities, it was proven [BOz], [CP] that every min-
imal symplectic filling is obtained by a sequence of rational blowdowns from the
minimal resolution of the singularity, which is diffeomorphic to a plumbing of disk
bundles over symplectically embedded 2-spheres: First, they constructed a genus-0
or genus-1 Lefschetz fibration X on each minimal symplectic filling of the link of a
quotient surface singularity. Suppose that w1 and w2 are two words consisting of
right-handed Dehn twists along curves in a generic fiber that represent the same
element in the mapping class group of the generic fiber. If the monodromy fac-
torization of X is given by w1 · w
′, one can construct another Lefschetz fibration
X ′ whose monodromy factorization is given by w2 · w
′
2. The operation of replac-
ing w1 with w2 is called a monodromy substitution. Next, they showed that the
monodromy factorization of each minimal symplectic filling of the link of a quo-
tient surface singularity is obtained by a sequence of monodromy substitutions from
that of the minimal resolution. Furthermore, these monodromy substitutions can
be interpreted as rational blowdown surgeries topologically. Note that all ratio-
nal blowdown surgeries mentioned here are linear: a certain linear chain Cp,q of
2-spheres is replaced with a rational homology 4-ball.
2.3. Minimal symplectic fillings of small Seifert 3-manifold. In this sub-
section, we briefly review Starkston’s results [Sta1], [Sta2] for minimal symplectic
fillings of a small Seifert fibered 3-manifold Y (−b; (α1, β1), (α2, β2), (α3, β3)) with
b ≥ 4. The condition b ≥ 4 on the degree of a central vertex of the plumbing
graph Γ ensures that one can always choose a concave cap K, which is also star-
shaped, with a (+1) central 2-sphere and (b − 4) number of arms, each of which
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consists of a single (−1) 2-sphere as in Figure 4. Here, [ai1, ai2, . . . , aini ] denotes a
dual continued fraction of [bi1, bi2, . . . , biri ], that is,
αi
αi−βi
= [ai1, ai2, . . . , aini ] while
αi
βi
= [bi1, bi2, . . . , biri ].
· · ·
b− 4
...
...
...
+1
−a11 −a21 −a31 −1 −1
−a12 −a22 −a32
−a1n1 −a2n2 −a3n3
Figure 4. Concave cap K
Starkston obtained a topological constraint (Theorem 1.1 in [Sta1]) for minimal
symplectic fillings W of a small Seifert 3-manifold Y as follows: First, glue W and
K to get a closed symplectic 4-manifold X . Then, the existence of a (+1) 2-sphere
implies that X is a rational symplectic 4-manifold and, after a finite number of
blowing-downs, X becomes CP2 and the (+1) 2-sphere becomes a complex line
CP
1 ⊂ CP2 (see Mcduff [McD] for details). Note that the conditions on the number
of legs and the degree b of a central vertex in Γ imply that the concave cap K
becomes a neighborhood of symplectic 2-spheres that are isotopic to b number of
complex lines through symplectic 2-spheres in CP2. Furthermore, the adjunction
formula and intersection data impose a constraint on the homological data of K in
X ∼= CP2♯NCP2. And then, Starkston obtained some partial results on the isotopy
classes of symplectic embeddings of K within a fixed homological embedding (See
[Sta1], [Sta2] for details).
3. Proof of main theorem
We start to investigate each minimal symplectic filling W of a small Seifert 3-
manifold Y by analyzing the corresponding curve configuration C which is defined
as follows:
Definition 3.1. Suppose W is a minimal symplectic filling of a small Seifert 3-
manifold Y equipped with a concave cap K. Then, from the homological data of
K, we draw a configuration C of strands which is obtained by blowing-ups until
we get the concave K from the complex line arrangements lying in CP2. Hence,
the configuration C contains strands representing irreducible components of K and
exceptional 2-spheres intersecting with the irreducible components. Note that there
could be a different configuration of strands within a fixed homological data because
the configuration depends on points where we blow up as well as the homological
data of K. If there are no strands with degree less than or equal to −2 in C except
for irreducible components of K, we call the configuration C a curve configuration
of a minimal symplectic filling W .
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Remark 3.1. In order to get a curve configuration for a given minimal symplectic
filling W , we blow up at exceptional 2-sphere only if the proper transform of the
exceptional 2-sphere become an irreducible component of K in the final configura-
tion. Hence, the curve configuration C of a minimal symplectic filling W consists of
strands representing irreducible components of K and exceptional 2-spheres inter-
secting with the irreducible components of K. We denote the exceptional 2-spheres
by red-colored strands (See Figure 5 for example).
−3 −2 −5 −4 −2
−2
−3 −2 −2 −1
−2 −2
−3
+1
Figure 5. Plumbing graph Γ and curve configuration for corre-
sponding concave cap K
We first consider all possible complex line arrangements for minimal symplectic
fillings of Y (−b; (α1, β1), (α2, β2), (α3, β3)) with b ≥ 4. As mentioned in Section 2,
there are finitely many blowing-downs from a rational symplectic 4-manifold X
to get CP2. Since the blowing-downs are disjoint from a central 2-sphere in K,
each of (b− 1) number of arms in K descends to a single (+1) symplectic 2-sphere
intersecting at a distinct point with an image of the central 2-sphere of K under
the blowing-downs. Let C1, C2, . . . , Cb−4 be the images of (b − 4) number of (−1)
2-spheres in K under the blowing-downs. Then, they should have a common inter-
section point in CP2 owing to their degrees. The same reasoning shows that there
is at most one other symplectic (+1) 2-sphere intersecting at a different point from
the common intersection point with Ci. Hence, there are only two possible complex
line arrangements for minimal symplectic fillings of a small Seifert 3-manifold Y ,
as shown in Figure 6. One can show that these two configurations are actually
isotopic to complex lines through symplectic 2-spheres in CP2 (For more details,
refer to Section 2 in [Sta1] and Section 4 in [Sta2]).
· · · · · ·
Figure 6. Complex line arrangements
As previously mentioned, in the case of quotient surface singularities that include
all lens spaces and some small Seifert 3-manifolds, every minimal symplectic filling
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is obtained by linear rational blowdown surgeries from the minimal resolution of
the corresponding singularity. However, this is not true anymore for small Seifert
3-manifolds in general. For example, a rational homology 4-ball of Γp,q,r in Figure 3
might not be obtained by linear rational blowdown surgeries. Nevertheless, many
cases such as b ≥ 5 are in fact obtained by linear rational blowdowns from their
minimal resolutions. For the case of b = 4, one might need 3-legged rational
blowdown surgeries to get a minimal symplectic filling. Hence, it is natural to
prove the two cases b ≥ 5 and b = 4 separately.
3.1. b ≥ 5 case. There are some minimal symplectic fillings of Y that are easily
obtained from the minimal resolution of its corresponding singularity: For each
linear subgraph L of Γ, we get a symplectic filling of Y by replacing a chain of
symplectic 2-spheres according to L with a minimal symplectic filling of a lens
space determined by L. We begin a proof by examining the curve configurations of
minimal symplectic fillings obtained in this way. Among them, the simplest one is
obtained from the minimal symplectic fillings of each arm in the plumbing graph
Γ. When starting with two complex line arrangements in Figure 6, one should get
symplectic curve configurations as shown in Figure 7.
−1
+1
· · ·
0 0 0 0
· · ·
−1 −1 −1
+1
.. .
Figure 7. Blowing-ups of complex line arrangements
We first consider curve configurations obtained from the left-handed figure in
Figure 7 without using the exceptional 2-sphere. That is, the exceptional 2-sphere
cannot become an irreducible component of K under blowing-ups. In order to get
K from the figure, we need to make linear chains
−ai1 −ai2 −aini
from
0
by blowing-ups. Recall that for the classification of minimal symplectic fillings of
a lens space determined by
−bi1 −bi2 −biri
, we use a concave cap of the
form
+1 −ai1+1 −ai2 −aini
and this concave cap becomes two complex
lines when we blow down the corresponding rational symplectic 4-manifold [BOn],
[Lis]. Hence, we need to make linear chains
−ai1+1 −ai2 −aini
from
+1
by blowing-ups, which is the same as getting
−ai1 −ai2 −aini
from
0
by
blowing-ups. Therefore, all minimal symplectic fillings for this case are obtained
from minimal symplectic fillings of each arm in Γ so that they are obtained by a
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sequence of rational blowdown surgeries from the linear chains of 2-spheres in Γ.
The following example illustrates this case.
Example 3.1. Let Y be a small Seifert 3-manifold whose associated plumbing
graph and concave cap are shown in Figure 8. Then, there are two curve con-
figurations coming from the left-handed figure in Figure 7 without blowing-up at
exceptional 2-sphere as in Figure 9. Of course, there exist other curve configurations
coming from Figure 7 by blowing up exceptional 2-spheres for minimal symplectic
fillings of Y , which will be treated in Example 3.2 and Example 3.3 later. Note that
each red-colored strand represents an exceptional 2-sphere, that is, a 2-sphere with
self-intersection −1. We omit the degree of irreducible components of the concave
cap for the sake of convenience in the figure. The left-handed curve configuration
in Figure 9 is obtained by standard blowing-ups from that of Figure 7. That is,
we have to blow up at some point of the last irreducible component different from
the intersection points in order to increase the number of irreducible components of
each arm. Since a concave cap K together with an embedding of Γ can be obtained
from a Hirzebruch surface F1 via blowing-ups in this way [SSW], [Sta1], the left-
handed curve configuration in Figure 9 represents the minimal resolution if we view
Y as the link of a weighted homogeneous surface singularity. More precisely, from
the left-handed figure of Figure 7, we could get another configuration containing
both a concave cap K and dual graph of the minimal resolution of Y by blowing-up
at intersection points of exceptional 2-spheres (See Figure 10). Note that only the
third arm in the plumbing graph Γ has a nontrivial minimal symplectic filling that
is obtained by rationally blowing down the (−4) 2-sphere. Using Lisca’s description
of the minimal symplectic fillings of lens spaces, we obtain the right-handed curve
configuration in Figure 9, which represents a minimal symplectic filling obtained
from the minimal resolution by rationally blowing down the (−4) 2-sphere in the
third arm.
−3 −2 −5 −4 −2
−2
+1
−3 −2 −2 −1
−2 −2
−3
Figure 8. Plumbing graph Γ and its concave cap K
Next, we consider more general curve configurations obtained from Figure7. It
is easy to check that all other configurations can in fact be obtained from the two
configurations in Figure 11. Note that there are (b−2) number of arms consisting of
a single (−1) 2-sphere in these configurations. As there are already (b− 4) number
of such arms in K, we can use only two exceptional 2-spheres e1, e2 in order to get
an embedding of K. Without loss of generality, we assume that the first two arms
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+1 +1
Figure 9. Two curve configurations in Example 3.1
+1
0 0 0 0 →
+1
−5
−1 −1 −1 −1
−1 −1 −1 −1
→
−3
−2
−3
−2
−2
−2
−2
−2
−3
−2
−4
−1
+1
−5
Figure 10. Other configuration for the minimal resolution of Y
c
e1
e2
· · ·
−1−1−1
+1
. . .
c
e1
e2
· · ·
−1−1−1
+1
. . .
Figure 11. Two symplectic curve configurations
in Figure 11 become irreducible components of essential arms in K, which are the
arms comprising symplectic 2-spheres with degree ≤ −2.
Furthermore, if we blow up at points intersecting ei and an arm ofK in the blowing-
up process, then the proper transform of ei becomes an irreducible component ofK.
Hence, we have two different types of curve configurations obtained from Figure 11.
That is, either at most one of ei becomes an irreducible component of K, or both e1
and e2 become irreducible components of K. We show in the following claim that
the former is obtained by minimal symplectic fillings of disjoint linear subgraphs of
the plumbing graph Γ.
Claim 3.1. If the proper transform of e1 or e2 is not an irreducible component
of K in the curve configuration, then the corresponding minimal symplectic filling
is obtained from minimal symplectic fillings of lens spaces determined by disjoint
linear subgraphs of the plumbing graph of Y .
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Proof. By reindexing if needed, we can assume that the first arm of the curve con-
figurations in Figure 11 becomes
−a11 −a12 −a1n1
, the second arm becomes
−a21 −a22 −a2n2
and the proper transform of e2 is not an irreducible com-
ponent of K. Then, there is a sequence of blowing-ups so that the proper transform
of the curves become Figure 12 below.
· · ·
b− 3
...
...
+1
−a11 −a21 −1 −1 −1
−a12 −a22
−a1n1 −a2n2
Figure 12. Concave cap for linear subgraph of Γ
We observe that the plumbing graph of 2-spheres in Figure 12 gives a concave
cap of lens space determined by a linear subgraph
−b1r1 −b11 −b −b21 −b2r2
of Γ. We also observe that [a31, a32, . . . , a3n3 ] = [2, . . . , 2, c1 + 1, c2, . . . , ck], where
[c1, c2, . . . , ck] is the dual of [b32, b33, . . . , b3r3 ]. The second observation implies that
we need to get
−(c1+1) −c2 −ck
from
−1
by blowing-ups to obtain an
embedding of K. This is essentially the same as getting
−(c1−1) −c2 −ck
from
+1
which gives a minimal symplectic filling of a lens space determined by
−b32 −b33 −b3r3
. Then, by combining these two observations, the desired
minimal symplectic filling is obtained from the minimal symplectic fillings of dis-
joint linear subgraphs
−b1r1 −b11 −b −b21 −b2r2
and
−b32 −b33 −b3r3
.
Hence, we conclude that the minimal symplectic filling is obtained by a sequence
of rational blowdowns. 
The following example illustrates the Claim 3.1 case.
Example 3.2. We again consider the small Seifert 3-manifold Y used in Exam-
ple 3.1. Since the left-handed configuration without exceptional 2-spheres in Fig-
ure 13 gives a concave cap of a lens space determined by a subgraph
−3 −2 −5 −2
of Γ, it gives a minimal symplectic filling WL of the lens space L(39, 16). Then, by
blowing-ups at points lying on the third arm different from the intersection point
with the exceptional curve e, we get an embedding of a concave cap K of Y as in
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the right-handed curve configuration C1 of Figure 13, which gives a minimal sym-
plectic filling W1 of Y . Furthermore, since there is a unique minimal symplectic
filling of lens space L(2, 1) corresponding to the (−2) 2-sphere in the third arm of
Γ, W1 is obtained from the minimal symplectic filling WL. In fact, there are three
more minimal symplectic fillings of Y which are of Claim 3.1 type - See Figure 14
for the corresponding curve configurations. Note that the curve configuration C1
for W1 in Figure 13 comes from the right-handed configuration in Figure 11 and
the curve c becomes a component of the first arm of K in Figure 8. Similarly, the
curve configuration Ci for Wi (2 ≤ i ≤ 4) is also obtained from the right-handed
configuration in Figure 11. One can easily check that each Wi is obtained from the
minimal resolution of Y by a linear rational blowdown surgery.
e
−1−1
+1
−1
+1
Figure 13. Curve configuration C1 for W1
C2
−1
+1
C3
−1
+1
C4
−1
+1
Figure 14. Curve configurations for other symplectic fillings of Y
Of course, there could be a minimal symplectic filling of Y that is not obtained
from the linear subgraphs of Γ. We have observed that if a curve configuration
satisfies the condition in Claim 3.1, then the corresponding minimal symplectic
filling is obtained from the minimal symplectic fillings of disjoint linear subgraphs
of Γ. Hence, as a next step, we consider a minimal symplectic filling W obtained
from the configuration in Figure 11 by blowing-ups at both intersection points of
e1 and e2. In this case, we first observe that once we perform rational blowdown
surgery along a linear chain of 2-spheres corresponding to the minimal symplectic
filling of a linear subgraph in Γ, there is another embedding of a certain linear
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chain L of 2-spheres that is not visible in Γ so that W is obtained from a minimal
symplectic filling WL of L. We are now starting to prove this case.
...
e2
...
...
...
+1
−a11 −a21 −1
−a12 −a22
−a′1n
−a1n1 −a2n2
e2
...
...
+1
−a′11 −a21 −1
−a22
−a1n1 −a2n2
Figure 15. Part of curve configuration C0
As in the proof of Claim 3.1, there is a sequence of blowing-ups from configu-
rations in Figure 11 to get configurations C0 in Figure 15 after a suitable reindex-
ing. For simplicity, we explain only the left-handed configurations: contrary to the
Claim 3.1 case, we have a (−a′1n) 2-sphere with a1n > a
′
1n under the blowing-ups
because we need to blow up at the intersection point of e2 and c in Figure 11, which
becomes (−a1n) 2-sphere in the curve configuration C in Figure 16. We omit all
exceptional 2-spheres that intersect only one irreducible component of the corre-
sponding concave cap K in the figures from now on. To obtain an embedding of
...
...
...
...
...
+1
−a11 −a21 −a31
−a12 −a22 −a32
−a1n
−a1n1 −a2n2 −a3n3
...
...
...
+1
−a11 −a21 −a31
−a22 −a32
−a1n1 −a2n2 −a3n3
Figure 16. Part of curve configuration C for W
K from C0, we need to change the degree of the (−a
′
1n) 2-sphere to (−a1n) and
get the third essential arm of K by blowing-ups. Now, we consider a lens space L
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determined by a plumbing graph in Figure 17. If we see the plumbing graph as a
two-legged plumbing graph with a degree (−b31 − 1) of a central vertex, then we
can find a concave cap K ′ as shown in Figure 17. As before, if we glue a minimal
−b31 − 1
−2
−2
−2
−b32
−b33
−b3r3
a1n − a
′
1n − 1
...
+1
a′1n − a1n
−a31 + 1
−a32
−a3n3
Figure 17. Minimal resolution graph of L and its concave cap K ′
−1
+1
0 0
...
...
+1
a′1n − a1n
−a31 + 1
−a32
−a3n3
Figure 18. Curve configuration for symplectic fillings of L
−1
−a′1n −1
...
...
−a1n −a31
−a32
−a3n3
Figure 19. Changes in curve configuration from C0 to C
symplectic filling of L and the concave cap K ′, then the resulting manifold is a
rational symplectic 4-manifold and K ′ becomes three complex lines in CP2 after
blowing-downs. Hence, there is a one-to-one correspondence between the minimal
symplectic fillings of L and the ways of getting a curve configuration containing
the K ′ from the curve configuration in Figure 18 by blowing-ups. One can easily
check that the ways of blowing-ups in Figure 18 are exactly the same as the ways
of blowing-ups to get a curve configuration containing K from C0 (See Figure 19).
Let C′ be a curve configuration obtained from C0 by standard blowing-ups. Then,
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since the minimal resolution of L is obtained by standard blowing-ups from the
left-handed figure in Figure 18, there is a symplectic embedding of the minimal
resolution of L to a minimal symplectic filling W ′ corresponding to C′. Actually,
we can see an embedding of the minimal resolution of L through other configu-
ration also representing a minimal symplectic filling W ′ corresponds to C′ (See
Figure 20). Since the curve configuration C′ for W ′ corresponds to Claim 3.1, it
follows that the minimal symplectic filling W ′ is obtained from minimal symplectic
fillings of linear subgraphs of Γ of Y . The above argument implies that the minimal
symplectic filling W corresponding to C comes from the minimal symplectic filling
W ′ corresponding to C′ by replacing the minimal resolution of L with a minimal
symplectic filling of L. Hence, there is a sequence of rational blowdowns from the
minimal resolution of Y to W . The following example illustrates this case.
−1
−a′1n −1
−1 −2 −2
· · ·
−2
−a1n −1
a1n − a
′
1n
−2 −2
· · ·
−2
−b31 − 1
−b32
· · ·
−b3r3 −a3n3
· · · −a32
−a1n −a31
a1n − a
′
1n − 1
Figure 20. Embedding of the minimal resolution of L to W ′
Example 3.3. We consider a minimal symplectic filling W5 of Y in Example 3.1,
represented by a curve configuration C5 in Figure 21. The curve configuration
C5 is obtained from the right-handed configuration in Figure 11, and the proper
transforms of e1 and e2 are irreducible components of the concave cap K. Thus,
as in the proof, we can find another minimal symplectic filling, W1, of Y that is
a type of Claim 3.1 such that there is a sequence of rational blowdowns from the
filling to W5. In fact, there is an embedding of
−5 −2
to W1 in Example 3.2,
and W5 is obtained by rationally blowing down it: Let C
j
i be an i
th component of
the jth arm in K. Then, the homological data of K for W1 in CP
2♯10CP2 is given
16 HAKHO CHOI AND JONGIL PARK
e
−1−1
+1
−1
+1
Figure 21. Curve configuration for symplectic filling W5 of Y
by
[C0] = l
[C11 ] = l − e2 − e3 − e4 − e5
[C12 ] = e2 − e6
[C21 ] = l − e1 − e2 − e6
[C31 ] = l − e1 − e3 − e7
[C32 ] = e7 − e8
[C33 ] = e8 − e9 − e10
[C41 ] = l − e1 − e4,
where C0 is the central (+1) 2-sphere of K, l is the homology class representing
the complex line in CP2, and ei is the homology class of each exceptional 2-sphere.
There is a symplectic embedding L of
−5 −2
to CP2♯10CP2 whose homological
data is given by e3−e5−e7−e8−e9 and e9−e10, which are homologically orthogonal
to the concave cap K. Since we deal with symplectic 2-spheres, the embedding is
actually geometrically orthogonal to the concave cap, so that we have an embedding
of L toW1. Then, after rationally blowing down L, CP
2♯10CP2 becomes CP2♯8CP2,
and the homological data of a concave cap corresponding to L is changed by
l → l
l − e3 − e5 → l− E1 − E2
e5 − e7 → E2 − E3
e7 − e8 → E3 − E4
e8 − e9 − e10 → E1 − E2 − E3,
where e1, e2, e4, e6 and E1, E2, E3, E4 represent the standard exceptional 2-spheres
in CP2♯8CP2. Therefore, the new homological data for concave cap K, which give
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the right-handed curve configuration in Figure 21, are as follows:
[C11 ] = l − e2 − e4 − E1 − E2
[C12 ] = e2 − e6
[C21 ] = l − e1 − e2 − e6
[C31 ] = l − e1 − E1 − E3
[C32 ] = E3 − E4
[C33 ] = E1 − E2 − E3
[C41 ] = l − e1 − e4.
Remark 3.2. In fact, we investigated all possible curve configurations for a small
Seifert 3-manifold Y with b ≥ 5 in the proof of main theorem. As a result, we could
find all minimal symplectic fillings of Y via corresponding curve configurations.
For example, a complete list of minimal symplectic fillings of Y in Example 3.1 are
given by Example 3.1, Example 3.2 and Example 3.3.
3.2. b = 4 case. Now, we turn to the case of b = 4. We only consider curve
configurations obtained from C0,0,0 in Figure 22, which can be obtained from the
right-handed figure in Figure 11, because we can deal with all other configurations
using the same argument in the b ≥ 5 case. The main difference between b = 4 case
and b ≥ 5 case is that one can use all three exceptional 2-spheres to get a concave
cap K for b = 4, while one can use only e1 and e2 for b ≥ 5 from the right-handed
figure in Figure 11. Note that the curve configuration C0,0,0 itself corresponds to a
symplectic rational homology 4-ball filling of Γ0,0,0 in Figure 3.
+1
−2 −2 −2
−2
e1
−2
e2
e3 −2
+1
−(r + 2)−(p+ 2)−(q + 2)
. . .
p+ 1
e1
. . .
q + 1
e2
e3
r + 1
Figure 22. Curve configurations C0,0,0 and Cp,q,r
When we try to get a curve configuration C for a minimal symplectic filling W
from C0,0,0, there are three options to increase the number of irreducible compo-
nents of the ith arm: First, we can blow up at the intersection point of ei and the
first component of the (i+1)th arm. Repeating this type of blowing-up, one can get
a curve configuration Cp,q,r as in Figure 22 corresponding to a symplectic rational
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homology 4-ball filling of Γp,q,r. Here the degrees of all unlabeled strands in Cp,q,r
are −2. The second option is to blow up at the intersection point of the first and
second component of each arm in C0,0,0, and the third option is to blow up at a
generic point on the last component of the ith arm different from the intersection
point with ei. Since these three types of blowing-ups commute each other, we may
assume that the curve configuration C comes from Cp,q,r. Then, the second op-
tion can be changed slightly, that is, we can blow up at any intersection point of
irreducible components of the ith arm in Cp,q,r . If we blow up at an intersection
point of irreducible components in the ith arm of Cp,q,r , then we can blow down to
another configuration Cp′,q′,r′ with p
′, q′, r′ ≥ −1 by first blowing down the proper
transform of ei. Here the configuration Cp,q,−1 is obtained from Cp,q,0 by blowing
down e2 (see Figure 23 for an example). Since the blown-up configuration is ob-
−2 −2
−2
e2
−3 −2
−3
−3 −1
−2
−2 −1
Figure 23. Blowing up and blowing down from C0,0,0 to C0,0,−1
tained from Cp′,q′,r′ by blowing up simultaneously at two intersection points on ei,
we can assume that the curve configuration C comes from Cp′,q′,r′ by blowing up
at two intersection points on ei or at a generic point on the last component of each
arm. Then, we can think of another curve configuration C′ obtained from Cp′,q′,r′
by standard blowing-ups.
If p′, q′, r′ ≥ 0, then a minimal symplectic filling W ′ corresponding to C′ is ob-
tained from the minimal resolution of Y by rationally blowing down Γp′,q′,r′ : Let
X ∼= CP2♯nCP2 be a rational symplectic 4-manifold obtained by gluing a minimal-
resolution Γp′,q′,r′ and its concave cap Cp′,q′,r′ . Then, we can get a concave cap K
of Y from Cp′,q′,r′ by standard blowing-ups. Since the embedding of K in X♯NCP
2
is obtained by standard blowing-ups, the complement of K in X♯NCP2 is symplec-
tically equivalent to the minimal resolution of Y . Furthermore, the homological
data of K shows that there is an embedding of Γp′,q′,r′ to the minimal resolution
of Y . In addition, it is easy to check that the curve configuration C′ for W ′ is ob-
tained by rationally blowing down Γp′,q′,r′ from the minimal resolution of Y . If one
of p′, q′ or r′ is −1, then since C′ comes from the right-handed figure in Figure 11
using only e1 and e2, the same argument as in the b ≥ 5 case shows that there is a
sequence of rational blowdowns from the minimal resolution to W ′.
As the final step, we show that a minimal symplectic filling W corresponding
to C is obtained from W ’ by replacing the minimal resolutions of lens spaces with
minimal symplectic fillings of them. Recall that blowing-ups can occur only at two
intersection points of ei simultaneously or at a generic point on the last component
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of Cp′,q′,r′ to get a concave cap K. If the degree of the (p
′ +2)th component of the
first arm in K is −2, then we cannot blow up Cp′,q′,r′ to increase the number of
irreducible components of the first arm because the degree of the last ((p′ + 2)th)
component of the first arm in Cp′,q′,r′ is −2. Similarly, if the degree of the (q
′+2)th
and (r′ + 2)th components of the second and third arms, respectively, in K is −2,
then there are no blowing-ups to increase the number of irreducible components.
If not, a similar argument as in the b ≥ 5 case shows that there is a one-to-one
correspondence between ways of getting the ith arm of K from Cp′,q′,r′ and the
minimal symplectic fillings of the lens space Li. (Refer to Figure 24 and Figure 25
for the case of first arm.) In particular, the curve configuration C′ is obtained from
the minimal resolution of L1, L2, and L3. Since the blowing-ups involving the i
th
arm do not affect each other, we conclude W is obtained by minimal symplectic
fillings of Li from W
′. We end this section by giving an example of the minimal
symplectic fillings involving 3-legged rational blowdown surgery.
−1
+1
0 0
+1
...
...
−(a21−(p
′+ 2))
−(a1(p′+2)−2)
−a1(p′+3)
−a1n1
Figure 24. Curve configuration for L1 and its concave cap
e1
−2 −(p
′ + 2)
...
...
−a21−a1(p′+2)
−a1(p′+3)
−a1n1
Figure 25. Changes of first arm under blowing-ups
Example 3.4. Let Y be a small Seifert 3-manifold whose minimal resolution graph
Γ and concave cap K are given by Figure 26. We consider two minimal symplectic
fillings W1,W2 of Y whose curve configurations are given by Figure 27 and Fig-
ure 28. Note that the curve configuration in Figure 27 is obtained from C0,0,0 by
standard blowing-ups. Thus, as in the proof, W1 is obtained from the minimal res-
olution by rationally blowing down Γ0,0,0. Let us denote v0 by a central vertex and
20 HAKHO CHOI AND JONGIL PARK
vji by i
th vertex of the jth arm in Γ. Then, v0, v
1
1 , v
2
1 and v
3
1 + v
3
2 give a symplectic
embedding of Γ0,0,0 to the minimal resolution. A computation similar to that of
Example 3.3 shows that there is a symplectic embedding L of
−5 −2
to W1 and
W2 is obtained from W1 by rationally blowing down L.
−3 −4 −2 −3
−3
−4
−2
+1
−2 −2 −3
−2 −3
−2
−3
−2
Figure 26. Plumbing graph Γ and its concave cap K
+1
−2 −2 −2
−2
e1
−2
e2
e3 −2
+1
Figure 27. Curve configuration for W1
+1
−2 −2 −2
−2
e1
−2
e2
e3 −2
+1
Figure 28. Curve configuration for W2
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